Abstract. In the following text we show set-theoretical entropy of Euler's totient function and contravariant set-theoretical entropy of Dedekind psi function are zero. Also contravariant set-theoretical entropy of Euler's totient function and set-theoretical entropy of Dedekind psi function are +∞. We pay attention to some of the other number theoretical special functions too. We continue our studies on Alexandroff topologies induced by Euler's totient function and Dedekind psi function.
Introduction
Various types of entropies have been studied in different branches of mathematics. In category Set one may consider set-theoretical and contravariant set-theoretical entropies of self-maps. Our main aim in this text is to study set-theoretical behaviour of some well-known number theoretical maps like Euler's totient function, Dedekind psi function and their generalizations. However set-theoretical and contravariant set-theoretical entropies of a "nice" self-maps have interactions with infinite orbit number's concept and infinite anti-orbit number's concept so we pay attention to these concepts too. We continue our studies in topological arising concepts in this regard, our main emphasis in topological point of view deals with Alexandroff topological spaces' approach. Let N = {1, 2, . . .} be the set of natural numbers and P = {2, 3, 5, 7, . . .} the set of prime numbers. For finite set A by ♯A we mean the number of elements of A. Also we say λ : X → X is finite fibre if λ −1 (x) is finite for all x ∈ X. Background on infinite orbit number and infinite anti-orbit number of a self-map. For self-map λ : X → X we say the one-to-one sequence {a n } n≥1 is:
• an infinite λ−orbit if for all n ≥ 1, a n+1 = λ(a n ),
• an infinite λ−anti-orbit if for all n ≥ 1, a n = λ(a n+1 ) (see e.g., [6, Definition 1.2] and [7, Definition 1.1]). Moreover we set [4] : o(λ) := sup({n ≥ 1 : there exists n disjoint infinite λ−orbit sequences} ∪ {0}), a(λ) := sup({n ≥ 1 : there exists n disjoint infinite λ−anti-orbit sequences} ∪ {0}), we call o(λ) infinite orbit number of λ and a(λ) infinite anti-orbit number of λ.
Background on set-theoretical and contravariant set-theoretical entropies. For λ : X → X and finite subset A of X the following limit exists
n and we call ent set (λ) := sup{ent set (λ, B) : B is a finite subset of X} set-theoretical entropy of λ [2] . Moreover for finite fibre onto map µ : X → X and finite sunset A of X the following limit exists
n and we call ent cset (µ) := sup{ent cset (µ, B) : B is a finite subset of X} settheoretical entropy of µ. On the other hand if λ : X → X is finite fibre and
is finite fibre and onto, we call ent cset (λ) := ent cset (λ ↾ sc(λ) ) contravariant set-theoretical entropy of λ [5] . Some number theoretical special functions. Let's recall the following functions (n ≥ 1 and for convenient suppose all of them map 1 to 1):
2. Infinite orbit number and infinite anti-orbit number of ϕ
In this section we compute infinite orbit number and infinite anti-orbit number of Euler's totiont function, Dedekind psi function and some other well-known maps.
Proof. Suppose {x n } n≥1 is an infinite f −orbit and for all n ≥ 1 we have f (n) ≤ n,
is not infinite and one-to-one sequence.
Proof. Suppose {x n } n≥1 is an infinite f −anti-orbit and for all n ≥ 1 we have f (n) ≥ n, thus for all n ≥ 1 we have
is not infinite and one-to-one.
t if and only if k = s and n = t. 
Proof. For n, m ≥ 1 and p, q ∈ P we have Ω(x p n+1 ) = Ω(p •
Proof. For n, m ≥ 1 and p, q ∈ P \ {2} we have
. . are disjoint infinite ψ−orbit sequences, so o(ψ) = +∞. In addition for all n ≥ 1, ψ(n) ≥ n so a(ψ) = 0. n −1 3} n≥1 , then S 1 , S 2 , . . . are disjoint infinite J 2 −orbit sequences, so o(J 2 ) = +∞. In addition for all n ≥ 1, J 2 (n) ≥ n so a(J 2 ) = 0.
Proof. For n, m, s, t ≥ 1 we have J 2 (2
Note 2.10. Suppose f : N → N is a multiplicative function g : P × N → N ∪ {0} and h : P → N ∪ {0} such that f (1) = 1 and f (p n ) = p g(p,n) h(p)(≥ 1) for all p ∈ P and n ≥ 1. Also suppose there exist distinct p, q ∈ P and u, v ≥ 1 with p u = h(q) and
is one-to-one, then o(f ) = +∞ since for S n := {p
Lemmas 2.8 and 2.9 are examples of the above construction. Note 2.11. As a generalization of Note 2.10 suppose f : N → N is a multiplicative function g : P × N → N ∪ {0} and h : P → N ∪ {0} such that f (1) = 1 and
for all p ∈ P and n ≥ 1. Also suppose there exist distinct p 1 , . . . , p m ∈ P and (u 
is one-to-one, then o(f ) = +∞ since for S n := 
Proof. For the 1st. row use Lemmas 2.4, 2.5, 2.6, and 2.7. For the 2nd. row use Lemma 2.1 For the 3rd. row use Lemmas 2.8 and 2.9. For the 4th. row use Lemmas 2.2, 2.3 and the fact that for all n ≥ 2 we have
Note 2.13. 1. For f : N → N with f (n) ≥ n (for all n ≥ 1) we have f −1 (m) ⊆ {1, . . . , m} (for all m ≥ 1) and f : N → N is finite fibre, thus σ k , ψ k , J k+1 (for k ≥ 1) are finite fibre. 2. For distinct prime numbers p 1 , . . . , p n and α 1 , . . . , α n ≥ 1 with ϕ(p ≤ m for all i = 1, . . . , n, so p 1 , . . . , p n ≤ m + 1 and α 1 , . . . , α n ≤ log m log 2 + 1 therefore
hence for all m ≥ 1 we have
Thus for all m ≥ 1, ϕ −1 (m) is finite and ϕ is finite fibre. indicates that for the corresponding case λ is not finite fibre and contravariant set-theoretical entropy of λ is undefined): [1] . In Alexandroff topological space (X, τ ) for every x ∈ X we denote the smallest open neighbourhood of x ∈ X with V (x, τ ). For f : X → X:
are basis of Alexandroff topologies on X. We call topology generated by B, functional Alexandroff topology on X (with respect to f ) and denote this topology by τ f [3] . We call topology generated by B, Alexandroff topology on X with respect to f and denote this topology by τ f [10] . For f : X → X and x ∈ X, we have:
As it has been mentioned in [4] , set-theoretical entropies of f : X → X interact with cellularities of the above mentioned Alexandroff spaces on X. So we devote this section to arising Alexandroff topologies from some of number theoretical functions.
Lemma 3.1. For f : N → N and k ∈ N we have:
Lemma 3.2. For f : N → N and k ∈ N if for n > 1 we have f (n) < n and
and m = f (m) hence m = 1 and 1 ∈ V (k, τ f ). Since 1 belongs to every nonempty subset of (N, τ f ), thus it does not have any disjoint nonempty open subset and it is connected. For all n ≥ 1 we have f n (n) = 1, so n ∈ V (1, τ f ) and V (1, τ f ) = N. For nonempty open subsets of U, V of (N, τ f ) with N = U ∪V we may suppose 1 ∈ U so V (1, τ f ) ⊆ U and N = U which leads to connectivity of (N, τ f ).
Lemma 3.3. For f : N → N suppose for n > 1 we have f (n) ≥ n and f (1) = 1, then (N, τ f ) and (N, τ f ) are disconnected.
Proof. {1}, N \ {1} is a separation of (N, τ f ) (and (N, τ f )). 
